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Processes are everywhere!

I Receive application
I Check legal

requirements
I Check applicant

suitability

I Decide:
Accept/Reject/
Recheck application

How many applicants will we
need until we find a new hire?

Can we handle
applications faster?

Will every applicant
hear back from us?
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Processes are everywhere!
Modelled by humans...

...or mined from logs

How can we formally reason about processes?
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Formally modelling processes: Workflow nets
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Workflow nets
Formally: Petri nets of a specific shape

1. I has no incoming arcs

2. F has no outgoing arcs

3. All transitions are on a path from I to F

I
Receive

application

Check
legal

Check
suitability

Accept

Reject

Recheck

F
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Correctness conditions for processes

Option to complete:
We should be able to reach a
a marking that has tokens
only in F

Proper completion:
When F is marked
the rest of the net is empty

I
Receive

application

Check
legal

Check
suitability

Accept

Reject

Recheck

F

Can we condense these into a single condition?
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A concise correctness condition
Soundness:
From any marking reachable from {I : 1},
the final marking {F : 1} can be reached

∀ runs π ∃ run π′ : {I : 1} ππ′−→ {F : 1}

I
Receive

application

Check
legal

Check
suitability
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Extending soundness
k-soundness:
From any marking reachable from {I : k},
the final marking {F : k} can be reached

I
Receive

application

Check
legal

Check
suitability

Accept

Reject

Recheck

F

Philip Offtermatt The complexity of soundness in workflow nets 7 / 34



Variants of soundness
k-soundness:
From any marking reachable from {I : k},
the final marking {F : k} can be reached

Generalised
soundness:
∀k : k-sound

Structural
soundness:
∃k : k-sound

I F X X

I F
2 2

X
Not 1-sound

X
2-sound

I F
2

X X
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Variants of soundness

I

Directorstart Assistant 2

Assistant 1

Assistant 3

F

Directorend

1-sound X 2-sound X
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Checking soundness - complexity?

known
results

our
work

k-Soundness

Decidable
EXPSPACE-hard?

[van der Aalst;’96, ’97]

EXPSPACE-
complete

Generalised
Soundness

Decidable
[van Hee et al.;’04]

PSPACE-
complete

Structural
Soundness

Decidable
[Ţiplea, Marinescu;’04]

EXPSPACE-
complete

Exact algorithms are impractical in general; instead:

• Focus on semi-decision procedures - Continuous Soundness
co-NP complete necessary condition for generalised soundness

• Focus on subclasses - Free-Choice Workflow Nets
Soundness in Ptime, and all soundness variants are equivalent

1.

[LICS ’22]

2.

3.

4.

[CAV ’22]

5.
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[Ţiplea, Marinescu;’04]

EXPSPACE-
complete

Exact algorithms are impractical in general; instead:

• Focus on semi-decision procedures - Continuous Soundness
co-NP complete necessary condition for generalised soundness

• Focus on subclasses - Free-Choice Workflow Nets
Soundness in Ptime, and all soundness variants are equivalent

1.

[LICS ’22]

2.

3.

4.

[CAV ’22]

5.

Philip Offtermatt The complexity of soundness in workflow nets 10 / 34



Checking soundness - complexity?

known
results

our
work

k-Soundness
Decidable

EXPSPACE-hard?
[van der Aalst;’96, ’97]

EXPSPACE-
complete

Generalised
Soundness

Decidable
[van Hee et al.;’04]

PSPACE-
complete

Structural
Soundness

Decidable
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EXPSPACE-hardness is by reduction from
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Checking soundness - complexity?

known
results

our
work

k-Soundness
Decidable

EXPSPACE-hard?
[van der Aalst;’96, ’97]

EXPSPACE-
complete

Generalised
Soundness

Decidable
[van Hee et al.;’04]

PSPACE-
complete

Structural
Soundness

Decidable
[Ţiplea, Marinescu;’04]

EXPSPACE-
complete

Exact algorithms are impractical in general; instead:

• Focus on semi-decision procedures - Continuous Soundness
co-NP complete necessary condition for generalised soundness

• Focus on subclasses - Free-Choice Workflow Nets
Soundness in Ptime, and all soundness variants are equivalent

1.

2.

3.

4.

5.

1.

2.
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Generalised soundness is in PSPACE

N is generalised sound:
∀k : {I : k} → m implies m→ {F : k}

Witness k ’s are small: Not generalised sound ⇒
unsound for a small k

A helpful necessary condition: Not Z-bounded ⇒
not generalised sound

Only enumerate small markings: Big marking reachable ⇒
not Z-bounded

Algorithm:

• Guess small k

• Check k-soundness: enumerate reachable markings

• If large markings are encountered: not generalised sound

1.

2.

Philip Offtermatt The complexity of soundness in workflow nets 17 / 34



Generalised soundness is in PSPACE

N is generalised sound:
∀k : {I : k} → m implies m→ {F : k}

Witness k ’s are small: Not generalised sound ⇒
unsound for a small k

A helpful necessary condition: Not Z-bounded ⇒
not generalised sound

Only enumerate small markings: Big marking reachable ⇒
not Z-bounded

Algorithm:

• Guess small k

• Check k-soundness: enumerate reachable markings

• If large markings are encountered: not generalised sound

1.

2.

Philip Offtermatt The complexity of soundness in workflow nets 17 / 34



Generalised soundness is in PSPACE

N is generalised sound:
∀k : {I : k} → m implies m→ {F : k}

Witness k ’s are small: Not generalised sound ⇒
unsound for a small k

A helpful necessary condition: Not Z-bounded ⇒
not generalised sound

Only enumerate small markings: Big marking reachable ⇒
not Z-bounded

Algorithm:

• Guess small k

• Check k-soundness: enumerate reachable markings

• If large markings are encountered: not generalised sound

1.

2.

Philip Offtermatt The complexity of soundness in workflow nets 17 / 34



Generalised soundness is in PSPACE

N is generalised sound:
∀k : {I : k} → m implies m→ {F : k}

Witness k ’s are small: Not generalised sound ⇒
unsound for a small k

A helpful necessary condition: Not Z-bounded ⇒
not generalised sound

Only enumerate small markings: Big marking reachable ⇒
not Z-bounded

Algorithm:

• Guess small k

• Check k-soundness: enumerate reachable markings

• If large markings are encountered: not generalised sound

1.

2.

Philip Offtermatt The complexity of soundness in workflow nets 17 / 34



Generalised soundness is in PSPACE

N is generalised sound:
∀k : {I : k} → m implies m→ {F : k}

Witness k ’s are small: Not generalised sound ⇒
unsound for a small k

A helpful necessary condition: Not Z-bounded ⇒
not generalised sound

Only enumerate small markings: Big marking reachable ⇒
not Z-bounded

Algorithm:

• Guess small k

• Check k-soundness: enumerate reachable markings

• If large markings are encountered: not generalised sound

1.

2.

Philip Offtermatt The complexity of soundness in workflow nets 17 / 34



Generalised soundness is in PSPACE

N is generalised sound:
∀k : {I : k} → m implies m→ {F : k}

Witness k ’s are small: Not generalised sound ⇒
unsound for a small k

A helpful necessary condition: Not Z-bounded ⇒
not generalised sound

Only enumerate small markings: Big marking reachable ⇒
not Z-bounded

Algorithm:

• Guess small k

• Check k-soundness: enumerate reachable markings

• If large markings are encountered: not generalised sound

1.

2.

Philip Offtermatt The complexity of soundness in workflow nets 17 / 34



Generalised soundness is in PSPACE

N is generalised sound:
∀k : {I : k} → m implies m→ {F : k}

Witness k ’s are small: Not generalised sound ⇒
unsound for a small k

A helpful necessary condition: Not Z-bounded ⇒
not generalised sound

Only enumerate small markings: Big marking reachable ⇒
not Z-bounded

Algorithm:

• Guess small k

• Check k-soundness: enumerate reachable markings

• If large markings are encountered: not generalised sound
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Generalised Soundness requires Z-boundedness
Z-boundedness: ∀k∃~b: {I : k} →Z m > 0 implies m ≤ ~b

→Z: Z-reachability – may drop below 0

{I : k}

Z-reachable markings

X Z-bounded

{I : k}

X Not Z-bounded

Why does gen. soundness
require Z-boundedness?

Recall: k-soundness requires
boundedness from {I : k}

⇒ Generalised soundness
requires boundedness for all k

If a net is Z-unbounded,
then for some k it is
unbounded over N

{I : k ′}

X Not bounded from k ′
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Generalised soundness is in PSPACE

N is generalised sound:
∀k : {I : k} → m implies m→ {F : k}

Witness k ’s are small: Not generalised sound ⇒
unsound for a small k

A helpful necessary condition: Not Z-bounded ⇒
not generalised sound

Only enumerate small markings: Big marking reachable ⇒
not Z-bounded

1.

2.
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Big reachable markings imply Z-unboundedness

{I : k} →very large

m

Big markings must be reached by long runs

m{I : k}

t1
t2

t3
t4 t5 t6

t7t8

Steinitz Lemma:
Reorder vectors to stay

close to straight line
from ~0 to m

m{I : k}
t5

t8

t7 t2

t3
t4 t6 t1

Long runs ⇒ Many vectors ⇒ Many points

m

Enough points
Pigeonhole
======⇒

Strict increases ⇒
Z-unboundedness

Big reachable markings imply Z-unboundedness!
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Generalised soundness is in PSPACE

N is generalised sound:
∀k : {I : k} → m implies m→ {F : k}

Witness k ’s are small: Not generalised sound ⇒
unsound for a small k

A helpful necessary condition: Not Z-bounded ⇒
not generalised sound

Only enumerate small markings: Big marking reachable ⇒
not Z-bounded

Algorithm:

• Guess small k

• Check k-soundness: enumerate reachable markings

• If large markings are encountered: not generalised sound

1.

2.
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Checking soundness - complexity?

known
results

our
work

k-Soundness
Decidable

EXPSPACE-hard?
[van der Aalst;’96, ’97]

EXPSPACE-
complete

Generalised
Soundness

Decidable
[van Hee et al.;’04]

PSPACE-
complete

Structural
Soundness

Decidable
[Ţiplea, Marinescu;’04]

EXPSPACE-
complete

Exact algorithms are impractical in general; instead:

• Focus on semi-decision procedures - Continuous Soundness
co-NP complete necessary condition for generalised soundness

• Focus on subclasses - Free-Choice Workflow Nets
Soundness in Ptime, and all soundness variants are equivalent

1.

2.

3.

4.

5.

2.

3.
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Deciding structural soundness in EXPSPACE
Characterize the set of sound numbers

Theorem:
SoundN = {p, 2p, 3p, . . . , kp}
with p ∈ N, k ∈ N ∪ {∞}

I F
3 3

16 2

{3, 6, 9, 12, 15}-sound

...and p, k (if 6=∞) are at most exponential in size(N)

EXPSPACE-algorithm for structural soundness:

Check k-soundness for all ”small” k

Philip Offtermatt The complexity of soundness in workflow nets 23 / 34



Deciding structural soundness in EXPSPACE
Characterize the set of sound numbers

Theorem:
SoundN = {p, 2p, 3p, . . . , kp}
with p ∈ N, k ∈ N ∪ {∞}

I F
3 3

16 2

{3, 6, 9, 12, 15}-sound

...and p, k (if 6=∞) are at most exponential in size(N)

EXPSPACE-algorithm for structural soundness:

Check k-soundness for all ”small” k

Philip Offtermatt The complexity of soundness in workflow nets 23 / 34



Deciding structural soundness in EXPSPACE
Characterize the set of sound numbers

Theorem:
SoundN = {p, 2p, 3p, . . . , kp}
with p ∈ N, k ∈ N ∪ {∞}

I F
3 3

16 2

{3, 6, 9, 12, 15}-sound

...and p, k (if 6=∞) are at most exponential in size(N)

EXPSPACE-algorithm for structural soundness:

Check k-soundness for all ”small” k

Philip Offtermatt The complexity of soundness in workflow nets 23 / 34



Deciding structural soundness in EXPSPACE
Characterize the set of sound numbers

Theorem:
SoundN = {p, 2p, 3p, . . . , kp}
with p ∈ N, k ∈ N ∪ {∞}

I F
3 3

16 2

{3, 6, 9, 12, 15}-sound

...and p, k (if 6=∞) are at most exponential in size(N)

EXPSPACE-algorithm for structural soundness:

Check k-soundness for all ”small” k

Philip Offtermatt The complexity of soundness in workflow nets 23 / 34



Deciding structural soundness in EXPSPACE
Characterize the set of sound numbers

Theorem:
SoundN = {p, 2p, 3p, . . . , kp}
with p ∈ N, k ∈ N ∪ {∞}

I F
3 3

16 2

{3, 6, 9, 12, 15}-sound

...and p, k (if 6=∞) are at most exponential in size(N)

EXPSPACE-algorithm for structural soundness:

Check k-soundness for all ”small” k

Philip Offtermatt The complexity of soundness in workflow nets 23 / 34



Deciding structural soundness in EXPSPACE
Characterize the set of sound numbers

Theorem:
SoundN = {p, 2p, 3p, . . . , kp}
with p ∈ N, k ∈ N ∪ {∞}

I F
3 3

16 2

{3, 6, 9, 12, 15}-sound

...and p, k (if 6=∞) are at most exponential in size(N)

EXPSPACE-algorithm for structural soundness:

Check k-soundness for all ”small” k

Philip Offtermatt The complexity of soundness in workflow nets 23 / 34



Deciding structural soundness in EXPSPACE
Characterize the set of sound numbers

Theorem:
SoundN = {p, 2p, 3p, . . . , kp}
with p ∈ N, k ∈ N ∪ {∞}

I F
3 3

16 2

{3, 6, 9, 12, 15}-sound

...and p, k (if 6=∞) are at most exponential in size(N)

EXPSPACE-algorithm for structural soundness:

Check k-soundness for all ”small” k

Philip Offtermatt The complexity of soundness in workflow nets 23 / 34



Checking soundness - complexity?

known
results

our
work

k-Soundness
Decidable

EXPSPACE-hard?
[van der Aalst;’96, ’97]

EXPSPACE-
complete

Generalised
Soundness

Decidable
[van Hee et al.;’04]

PSPACE-
complete

Structural
Soundness

Decidable
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Relaxing generalised soundness
Continuous Reachability →Q: Allow firing transitions partially

I

Directorstart Assistant 2

Assistant 1

Assistant 3

F

Directorend

Continuous reachability approximates standard reachability!

Advantage: Continuous reachability is in Ptime
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Relaxing generalised soundness

Reachability:
∃π : ms

π−→ mt

=⇒ Continuous Reachability:
∃π : ms

π−→Q mt

1-Soundness:
∀π∃π′ : {I : 1} ππ′−→ {F : 1}

Continuous Soundness:
∀π∃π′ : {I : 1} ππ′−→Q {F : 1}=⇒

Generalised Soundness:
∀k∀π∃π′ : {I : k} ππ′−→ {F : k}

[CAV’22]

Generalised soundness has a continuous overapproximation

...contrary to many other ∀∃ properties

Liveness:

∀π∃π′ : ms
ππ′tlive−−−→

=⇒

Home State:
∀π∃π′ : ms

ππ′−→ mhome
=⇒
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Generalised & Continuous Soundness
Why does generalised soundness require continuous soundness?

p1

t1

t2

t3
p2

1/2t21/2t1{p1 : 1}
1/2t3

Continuous reachability
{p2 : 1/2}

p1

t1

t2

t3
p2

t2t1{p1 : 2} t3 {p2 : 1}
Reachability with many tokens⇔

{I : 1} →Q m 6→Q {F : 1} ∃ k :
{I : k} → m 6→ {F : k}=⇒

Continuous unsound Generalised unsound
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Complexity of Continuous Soundness
Continuous Reachability: in PTIME [Fraca&Haddad, 2013]

Continuous Inclusion: in coNP [Blondin et al., 2017]
Q-Reach(N ,m) ⊆ Q-Reach(N ′,m′)

Continuous Soundness: coNP-complete [CAV’22]
Q-Reach(N , {I : 1}) ⊆ Q-Reach(NReversed, {F : 1})
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Continuous Soundness is a useful criterion
Benchmarks: 1976 industrial nets

1334/1976 nets are continuous unsound!

Remaining nets are continuous sound
...and also generalised sound

Why is continuous soundness so accurate in practice?

Many instances are actually easy:
Free Choice Workflow Nets
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Checking soundness - complexity?

known
results

our
work

k-Soundness
Decidable

EXPSPACE-hard?
[van der Aalst;’96, ’97]

EXPSPACE-
complete

Generalised
Soundness

Decidable
[van Hee et al.;’04]

PSPACE-
complete

Structural
Soundness

Decidable
[Ţiplea, Marinescu;’04]

EXPSPACE-
complete

Exact algorithms are impractical in general; instead:

• Focus on semi-decision procedures - Continuous Soundness
co-NP complete necessary condition for generalised soundness

• Focus on subclasses - Free-Choice Workflow Nets
Soundness in Ptime, and all soundness variants are equivalent

1.

2.

3.

4.

5.

4.

5.
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Free-Choice Workflow Nets
Workflow nets with a restriction on transitions:

Transitions that share an input place must share all input places

X X
Soundness is in Ptime [van der Aalst, 1998]

Soundness notions are equivalent:
1-Sound ≡

[Ping et al.,’04]
Gen. Sound ≡

[CAV’22]
Struct. Sound ≡

[CAV’22]
Cont. Sound

Continuous soundness is exact on free-choice nets
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Continuous Soundness on Free Choice nets

Deciding soundness via:
Continuous Soundness vs State Space Exploration

0 100 200 300 400

0

10

20

30

size parameter

mean analysis
time (s)

Promising addition to existing techniques for Free Choice nets
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Checking soundness - complexity?

known
results

our
work

k-Soundness
Decidable

EXPSPACE-hard?
[van der Aalst;’96, ’97]

EXPSPACE-
complete

Generalised
Soundness

Decidable
[van Hee et al.;’04]

PSPACE-
complete

Structural
Soundness

Decidable
[Ţiplea, Marinescu;’04]

EXPSPACE-
complete

Exact algorithms are impractical in general; instead:

• Focus on semi-decision procedures - Continuous Soundness
co-NP complete necessary condition for generalised soundness

• Focus on subclasses - Free-Choice Workflow Nets
Soundness in Ptime, and all soundness variants are equivalent

1.

2.

3.

4.

5.5.
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Conclusion

Workflow nets formally model processes

Soundness is a widely used correctness condition

Variants: Generalised Soundness, Structural Soundness

Established exact complexities of soundness variants

Continuous soundness: necessary for gen. soundness
and equivalent to soundness variants on Free-Choice nets
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